New optimal, explicit, s-stage Runge-Kutta-Nystrom methods of order p = 3 to 6, denoted by CPRKN(s, p), p = 3, 4, . . . , 6, that have contractivitypreserving (CP) properties and nonnegative coefficients are constructed for solving the special second-order system of non-stiff ordinary differential equations y = f (t, y), y(t 0 ) = y 0 , y (t 0 ) = y 0 , where y ∈ R N . Selected CPRKN(4, 4) and CPRKN(6, 6) compare well with Dormand-El-Mikkawy-Prince DEP(4,3)4FM and DEP(6,4)6FM, respectively, in solving standard N-body problems over an interval of 1000 periods on the basis of the relative error of energy (EE) as a function of the number of function evaluations (NFE). The existence of these CPRKN(s, p) would suggest that they can be combined with Taylor series or CP Hermite-Obrechkoff series methods developed earlier to form new higher order, more efficient methods with contractivitypreserving (CP) properties. The coefficients of CPRKN(s, p), p = 3, 4, . . . , 6 are listed in the appendix.
Introduction
New optimal, explicit, s-stage Runge-Kutta-Nystrom methods of order p = 3 to 6, denoted by CPRKN(s, p), p = 3, 4, . . . , 6, that has contractivity-preserving (CP) properties and nonnegative coefficients are constructed for solving the special secondorder system of non-stiff ordinary differential equations (ODEs), y = f (t, y), y(t 0 ) = y 0 , y (t 0 ) = y 0 , where = d dt and y ∈ R N .
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We consider now the following form of the solution y to problem (1):
y(t + ∆t) = y(t) + ∆t y sub (t + ∆t, ∆t) (2) where the subformula y sub (t + ∆t, ∆t) (which is the slope [y(t + ∆t) − y(t)]/∆t) is the series
In our construction of formulae for y sub defined in (2) and y of CPRKN(s, p), p = 3, 4, . . . , 6, we rewrite formulae for y sub and y as a convex combination of forward Euler (FE) method (approximating y (t + ∆t)), y n+1 = y n + ∆t y n .
(
If FE is contractive in a given norm, then formulae for y sub and y of CPRKN(s, p) will be contractive as a convex combination of FE with modified step sizes. The regions of absolute stability of CPRKN(s, p), p = 3, 4, . . . , 6, are derived under the assumption that two solution derivatives, y andỹ , to problem (1) are contractive:
and the two subformulae y sub (t, ∆t) andỹ sub (t, ∆t) defined in (2) are contractive:
y sub (t + ∆t, ∆t) −ỹ sub (t + ∆t, ∆t) ≤ y sub (t, ∆t) −ỹ sub (t, ∆t) , ∀ ∆t ≥ 0, (5) and y (t + ∆t) −ỹ (t + ∆t) ≤ y sub (t + ∆t, ∆t) −ỹ sub (t + ∆t, ∆t) ≤ y (t) −ỹ (t) ∀ ∆t ≥ 0.
We assume that there exists a maximum stepsize ∆t FE such that, when FE is employed with ∆t ≤ ∆t FE , f satisfies a discrete analog of (4): y n+1 −ỹ n+1 ≡ y n + ∆tf (t n , y n ) − ỹ n + ∆tf (t n ,ỹ n ) ≤ y n −ỹ n ,
with y sub n + ∆tf (t n , y n ) − ỹ sub n + ∆tf (t n ,ỹ n ) ≤ y n −ỹ n ,
when y n andỹ n are replaced by y sub n andỹ sub n , respectively, in the two FE formulae in (7) , and, when FE is employed with ∆t ≤ ∆t FE , f satisfies a discrete analog of (6) :
Here y n andỹ n are two derivatives of the numerical solutions generated by FE with different neighbouring starting (or previous) values y 0 = y (t 0 ) andỹ 0 =ỹ (t 0 ). By interpretingỹ 0 as a perturbation of y 0 due to numerical error, we see that contractivity implies that these errors do not grow as they are propagated.
We are interested in a higher-order formula for y sub of CPRKN(s, p), p = 3, 4, . . . , 6, that maintains the contractivity-preserving property
together with a higher-order formula for y that maintains the contractivity-preserving property,
for 0 ≤ ∆t ≤ ∆t max = c∆t FE whenever inequality (7) holds. Here c, called the contractivity-preserving coefficient (CP coefficient), depends only on the numerical integration method but not on f . This definition of the CP coefficient of CPRKN(s, p), p = 3, 4, . . . , 6, follows closely the definition of the strong stability preserving (SSP) coefficient of RK (see [3] ). In [8] , similar CP RK methods have been constructed and tested on DETEST problems [7] .
The aim of CPRKN(s, p), p = 3, 4, . . . , 6, is to maintain simultaneously the CP properties (10) and (11) while achieving higher-order accuracy, perhaps with a modified time-step restriction, measured here with the CP coefficient c(CPRKN(s, p)):
This coefficient describes the ratio of the maximal CPRKN(s, p) time step to the time step ∆t FE , for which conditions (7) , (8) and (9) hold. Similar to Huang and Innanen [6] , we compare the numerical performance of selected CPRKN (4, 4) , CPRKN(6, 6), Dormand-El-Mikkawy-Prince DEP(4,3)4FM and DEP(6,4)6FM [1] on Kepler orbit with eccentricities e = 0.3, 0.5, 0.7 over an interval of 1000 periods on the basis of the relative energy error (EE) as a function of the number of function evaluations (NFE). It is seen that CPRKN(4,4) and CPRKN (6, 6) compare well with DEP(4,3)4FM and DEP(6,4)6FM.
The existence of the new methods CPRKN(s, p) and the above results would suggest that these CPRKN(s, p) can be combined with Taylor series or HO series methods developed earlier [10] to form new higher order methods with contractivitypreserving (CP) properties and nonnegative coefficients for solving efficiently equations (1). Section 2 introduces new CPRKN(s, p), p = 3, 4, . . . , 6 and the necessary order conditions are listed in Section 3. Section 4 derives Y sub i , i = 2, 3, . . . , s + 1, of T. Nguyen-Ba, T. Giordano, R. Vaillancourt -On RKN formulae . . . CPRKN(s, p) in contractivity-preserving form (CP form). Section 5 presents y n+1 of CPRKN(s, p) in CP form for deriving contractivity-preserving (CP) property. Optimizing CP coefficient c of CPRKN(s, p) is considered in Section 6. Section 7 describes the intervals of absolute stability of CPRKN (4, 4) and CPRKN (6, 6) . In Section 8, numerical results are used to compare CPRKN (4, 4) and CPRKN (6, 6) with Dormand-El-Mikkawy-Prince DEP(4,3)4FM and DEP (6, 4) 6FM. Coefficients of CPRKN(s, p), p = 3, 4, . . . , 6, are listed in Appendix A.
New CPRKN(s, p) with contractivity-preserving properties
New CPRKN(s, p) are constructed by the following (s + 1) formulae which perform integration from t n to t n+1 .
Let ∆t denote the step size. The abscissa vector [c 1 , c 2 , . . . , c s ] T defines the s off-step points t n + c j ∆t, j = 1, 2, . . . , s and c s+1 = 1. In all cases c 1 = 0 and, by convention, c 0 1 = 1. Let Y 1 = y n . A Hermite-Birkhoff (HB) polynomial is used as stage formula P i to obtain the stage value Y i ,
HB polynomials are used as the integration formula IF for y and IF' for y to obtain y n+1 = Y 3 and y n+1 , respectively, to order p,
where Thus we can represent CPRKN(s, p) by its coefficient scheme
. . , b s ) T are two svector. One can display the coefficient scheme (A, b, b), and the c i in the Butcher tableau
We consider now the following form of Y i , i = 2, 3, . . . , s+1 with Y s+1 = y n+1 defined in (13) and (14) respectively,
where subformulae Y sub
Subformulae (18) and (19) are called the usual form of Y sub i , i = 2, 3, . . . , s + 1.
Order conditions for CPRKN(s, p)
As in similar search for solvers of (1), we impose the following simplifying assumptions for Y i :
Under the assumption b i = b i (1 − c i ), i = 1, 2, . . . , s, there remains the following 11 sets of equations for y n+1 to be solved:
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Contractivity preserving of Y
Similar to the Shu-Osher form of RK methods [12] , equations (18)
, respectively, can be written in the form,
with consistency conditions:
Form (33) is called the contractivity preserving form (CP form) (similar to Shu-Osher form for RK methods [4] ) of Y sub i , i = 2, 3, . . . , s + 1 of CPRKN(s, p). By setting v i = α i1 and w i = β i1 , i = 2, 3, . . . , s+1, in (33), we have the modified CP form of Y sub i , i = 2, 3, . . . , s + 1 of CPRKN(s, p):
We can rearrange the stage values Y sub i , i = 2, 3, . . . , s + 1, in (35) as follows:
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Thus we obtain the difference
. . , s + 1, from (36) as follows:
Provided all the coefficients of (36) are nonnegative, the following straightforward extension of a result presented in [2, 5] holds.
Theorem 1. If f satisfies conditions (7), (8) and (9) of the FE method, then
where the feasible CP coefficient, c feasible , is the minimum of the following numbers:
under the assumption that all coefficients of (36) are nonnegative, with the convention that the ratios a/0 = +∞, and the ratios 0/0 are ignored.
can be rewritten as a convex combination of the two terms on the right-hand side of (38). Thus, by the convexity of the norm · , we have
We present a proof by induction on i. When i = 2, the right-hand side of (40) has the following upper bound, since (7), (8) and (9),
Thus, we have, from (44) and (45), the following upper bound of
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In particular, this yields y sub
It is to be noted here that each representation (36) of Y sub i , i = 2, 3, . . . , s + 1 (to obtain Y s+1 = y n+1 to order p) with coefficients v i , w i , α ij and β ij , will produce a feasible CP coefficient, c feasible , defined in Theorem 1 and feasible Y sub Moreover,
with the following N -vectors:
. . , s + 1 in vector notation
Using the above notation, we rewrite the modified CP form (35) of Y sub j , i = 2, 3, . . . , s + 1 of CPRKN(s, p) in vector notation:
with consistency conditions (37) written in vector form,
where
It is to be noted that, by setting the first row of matrices Y sub , F equal to zero, α i1 and β i1 , i = 2, 3, . . . , s + 1 are not used in formulae (51) and are replaced by v i and w i , i = 2, 3, . . . , s + 1, respectively. 
which is the usual form. The elements v, w, β of (54) are then denoted as v 0 , w 0 , β 0 respectively, and hence the usual form (54) can be rewritten as
with the consistency condition,
where e s+1 is defined in (53). To find the relation between the CP form coefficients and the usual form coefficients, we can solve (51) for Y sub since I − α is invertible because the matrix α is strictly lower triangular,
Comparing (57) with (55), we have the following relations between the generalized CP form coefficients and the usual form coefficients,
These relations allow a simple transformation of the vectors and matrices v, w, β of a CP form into v 0 , w 0 , β 0 of a usual form and vice versa. In fact, the form (55) is the usual form (18) and (19) with
Canonical CP form of Y sub of CPRKN(s, p) in vector notation
To find the CP coefficient of CPRKN(s, p), it is useful to consider a particular modified CP form (51) where the elements of the matrices α and β satisfy the same ratio r = α ij β ij for every i, j, i = 3, 4, . . . , s + 1 and j = 2, 3, . . . , i − 1, such that β ij = 0, or, in vector notation, α r = rβ r .
Substituting this relation into (58), we can solve for β r in terms of β 0 and r. First, we have
Then, since I + rβ 0 is invertible, the coefficients of the CP form (51) are given in terms of the coefficients of the usual form (55) by the expressions It is to be noted that using (58) and (65), β r can then be written as
As in [4] , we shall refer to the form given by the coefficients (62)-(65), as the canonical CP form of CPRKN(s, p):
which can be written solely in terms of the vectors and matrices v 0 , w 0 , β 0 of the usual form (55),
The canonical CP form (67) and the form (68) will allow us to formulate simply the optimization problem considered in Section 6.
Using (66) and (68), we obtain
Here consistency requires that
where e s+1 is defined in (53). Condition (70) is equivalent to the consistency condition (52). Note that the vectorial usual form (55), with v 0 , w 0 , β 0 , corresponds to the canonical CP form (67) or (69) with r = 0.
Relations (62)-(65) will enable us to obtain simply the vectors and matrices of a canonical CP form (67) from those of a usual form (55) and vice versa.
To simplify notation, in the following theorem, the ratio r = α ij β ij which is the same for every i, j, i = 3, 4, . . . , s + 1 and j = 2, 3, . . . , i − 1, becomes a feasible CP coefficient of CPRKN(s, p). Hence, r must satisfy the conditions: 
and satisfies conditions (71), under the assumption that all coefficients of (36) are nonnegative, with the convention that ratios a/0 = +∞, and ratios 0/0 are ignored.
Contractivity preserving (CP) form of y n+1 of CPRKN(s, p) for deriving CP property
Similar to the Shu-Osher form of RK methods [12] , equation (15) of y n+1 can be written in the following CP form,
with consistency condition:
To find the relation between the CP form and the usual form coefficients, comparing (73) with (15), we have the following relations between the CP form coefficients and the usual form coefficients (here Y sub j , j = 2, 3, . . . , s in (73) are replaced by the formula (36) for j = 2, 3, . . . , s, respectively), T. Nguyen-Ba, T. Giordano, R. Vaillancourt -On RKN formulae . . .
Using the order mentioned above of substitution operations, relations (75) and (76) allow a simple transformation of the usual coefficients of (15) to convenient CP coefficients of (73) for deriving CP property. It is to be noted that one can also obtain relations (75) and (76) by using naturally the canonical CP form (67) and the form (68) with b i (in β 0 and w 0 ) replaced by b i , i = 1, 2, . . . , s.
Form (73) is called the CP form of y n+1 . We can rearrange y n+1 in (73) as follows:
with consistency condition (74).
Thus we obtain the difference y n+1 −ỹ n+1 from (77) as follows:
To find the CP coefficient of y n+1 of CPRKN(s, p) , it is natural and useful to consider a particular CP form (77) where (α s+1,j , β s+1,j ), j = 2, 3, . . . , s satisfy the same ratio r defined in (61) for Y sub , r = α s+1,j β s+1,j , j = 2, 3, . . . , s and r ≤ α s+1,1 β s+1,1 .
Provided all the coefficients of (77) are nonnegative, the following straightforward extension of a result presented in [2, 5] holds.
T. Nguyen-Ba, T. Giordano, R. Vaillancourt -On RKN formulae . . . Theorem 3. If f satisfies conditions (7) , (8) and (9) of the FE method, then y n+1 of (77) of CPRKN(s, p) method satisfies the CP property
where the feasible CP coefficient c feasible is equal to r of (79) under the assumption that all coefficients of (77) are nonnegative, with the convention that the ratios a/0 = +∞, and the ratios 0/0 are ignored.
Proof. The proof of this theorem is similar to the proof of theorem 1.
It is to be noted here that each representation (77) of y n+1 (to obtain y n+1 to order p) with coefficients α s+1,j , β s+1,j will produce a feasible CP coefficient, c feasible , defined in Theorem 3 and a feasible y n+1 of CPRKN(s, p) in CP form (77). What we really want is not merely a feasible y n+1 of method CPRKN(s, p) in CP form but a best y n+1 . This question will be considered in Section 6.
Optimizing CP coefficient c(CPRKN(s, p)) of CPRKN(s, p)
We can now formulate the problem to optimize simultaneously • formulae for Y sub i , i = 2, 3, . . . , s + 1 using the CP form (68) which is written solely in terms of the vectors and matrices of the usual form,
• formula for y n+1 , using the usual form (15) and the CP form (77), and obtain the CP coefficient c (CPRKN(s, p) ).
Hence, the problem of optimizing CPRKN(s, p) can be formulated as maximize r,
subject to
together with conditions (71) and order conditions mentioned in (32) for RKN(s, p) to obtain Y s+1 = y n+1 to order p,
• the following inequalities for y n+1 ,
α s+1,j ≥ 0, j = 1, 2, . . . , s,
β s+1,j ≥ 0, j = 1, 2, . . . , s,
together with conditions (79) and order conditions mentioned in (32) for RKN(s, p) to obtain y n+1 to order p.
Here a maximized r is the CP coefficient c (CPRKN(s, p) ).
Since the consistency condition (70) is satisfied, condition (81) is equivalent to the following condition, in vector notation,
It is to be noted here that
• each representation of the canonical CP form (67) of Y sub with coefficients (v r , w r , α r , β r ), which satisfy conditions (81)-(83) together with conditions (71) and order conditions mentioned in (32) for RKN(s, p) to obtain y n+1 to order p, will produce a feasible CP coefficient r = c(v r , w r , α r , β r ) and a feasible Y i sub , i = 2, 3, . . . , s + 1, in CP form (36),
• each representation of the CP form (77) of y n+1 with coefficients b i , α s+1,j , β s+1,j which satisfy conditions (84)-(86) together with conditions (79) and order conditions mentioned in (32) for RKN(s, p) to obtain y n+1 to order p, will produce a feasible CP coefficient r and a feasible y n+1 , in CP form (77).
7.
Intervals of absolute stability of CPRKN (4, 4) and CPRKN (6, 6) To obtain the numerical stability of the new methods, we consider the linear test equation y = λy, y 0 = 1,
similar to Huang and Innanen [6] . For given numbers s and p of CPRKN(s, p), we have the following equations:
1. the difference equation and corresponding characteristic equation
(for y of CPRKN(s, p)) obtained by applying the predictors P 2 , P 3 , . . . , P s (13) and the integration formula IF (14) with constant step size h to the test equation (87). Here z = λh. 
(for y ) obtained by applying the predictors P 2 , P 3 , . . . , P s and the integration formula IF' (15).
Similar to Dormand et al. [1] , we have two regions of absolute stability R and R : a complex number z is in R for y and R for y if the root of the characteristic equation in (88) and (89), respectively, satisfies the root condition (see [9, pp. 70] ). The scanning method used to find the regions of absolute stability is similar to the one used for Runge-Kutta methods (see [9] ).
The intervals of absolute stability for y and y of CPRKN (4, 4) and of CPRKN (6, 6) , respectively, are shown in Table 1 .
Numerical results
The relative energy error (EE(t)) at time t is defined as
where E(t) is the energy at time t. 
where NFE 1,j and NFE 2,j are the NFE of methods 1 and 2, respectively, associated with a given problem P, and j = − log 10 (EE). The NFE was obtained from the curves which fit, in a least-squares sense, the data (log 10 (EE), log 10 (NFE)) by means of MATLAB's polyfit. 
Conclusion
We constructed new optimal, explicit, s-stage Runge-Kutta-Nystrom method of order p, p = 3, 4, . . . , 6 (CPRKN(s, p)), that have contractivity-preserving properties and nonnegative coefficients. On the basis of NFE versus the relative energy error, selected CPRKN(4,4) and CPRKN (6, 6) compare favorably with Dormand-El-Mikkawy-Prince DEP(4,3)4FM and DEP(6,4)6FM, respectively, in solving Kepler's problem with varying eccentricity over an interval of 1000 periods.
In the light of the results obtained in this paper, these new CPRKN(s, p), p = 3, 4, . . . , 6 appear to be promising solvers which can be combined with Taylor series or CP HO series methods developed earlier [10] to form new higher order methods with contractivity-preserving (CP) properties and nonnegative coefficients for solving efficiently the second-order system of non-stiff ordinary differential equations.
